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Some simple examples of tree/circuit representations are shown in Fig. 2. The examples
shown are natural logarithm, identity, negation minus(z) = —x, reciprocal inv(x) = 1/, and
multiplication. Ability to compute the identity function using an EML tree of depth 4 allows
some input variables to be moved down the tree (see next Subsection). Other elementary
functions, e.g. trigonometric ones, have trees too large to be shown in print, cf. Table 4.
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EML Compiler

column gives RPN code length K for expressions generated from EML compiler. The value
of K of EML formula can be computed using e.g. Mathematica LeafCount. For the identity
function x, the compiler returns = directly (leaf count 1); the shortest non-trivial EML
expression have leaf count 9. Last column show results of direct exhaustive search for
shortest expressions. Numbers in parentheses show length of formulas which do not use
the extended reals (+inf in floating-point). If search timed out, reached lower limit for K is

given.
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of K of EML formula can be computed using e.g. Mathematica LeafCount. For the identity
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sinh, cosh, tanh, arsinh, arcosh, artanh
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e exp In — minus + X /inv half —12¢ 7
rylsqry/ o log pow avg hypot

C

e blE, BRBZEI2TVSET..

MathAbyss



e exp In — minus + X /inv half —12¢ 7
rylsqry/ o log pow avg hypot
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e exp In — minus + X /inv half —12¢ 7
rylsqry/ o log pow avg hypot

arcsin(xz) = minus(z) x In(7 x z + exp(half(In(1 — pow(z,2)))))
arccos(x) =m/2 — arcsin(x)
arctan(x) =(i/2) x In((i + z)/(i — x))
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e exp In — minus + X /inv half —12¢ 7
rylsqry/ o log pow avg hypot

sinh(x) = half (exp(x) — exp(—x))
cosh(x) = half(exp(z) + exp(—x))
tanh(x) =(sinh(x))/(cosh(x))

PEREARIL,. cDEITEKTE
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e exp In — minus + X /inv half —12¢ 7
rylsqry/ o log pow avg hypot

In(x 4+ exp(half (In(pow(x,2) + 1))))
arcosh(x) =In(x + exp(half (In(pow(z,2) — 1))))
artanh(x) =half(In((1 + z)/(1 — z)))

arsinh (x)
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e exp In — minus + X /inv half —12¢ 7
rylsqry/ o log pow avg hypot

sin  arcsin sinh  arsinh
cOS arccos cosh arcosh

tan arctan tanh artanh
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4.1 EMUL compiler

The output of the VerifyBaseSet procedure provides the data (see Fig. 1) required to
reconstruct any primitive or composite elementary expression in terms of EML Sheffer, (4a).
I provide a prototype EML compiler, coded in Python, that converts formulas into pure EML
form. An EML expression can be evaluated symbolically in Mathematica, or numerically
in any IEEE754-compliant language. Pure EML form could also be executed on hardware
(or an emulated machine) that has only a single instruction: the EML itself. In particular,
the EML code can be executed on a single instruction stack machine, closely resembling a
single-button RPN calculator. Pure-EML form could possibly be implemented efficiently in
FPGA or analog circuits.
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Since standard activation functions are themselves elementary, any conventional neural
network is a special case of an EML tree architecture. Current networks can learn symbolic
algebra [49] and digit-level arithmetic [50], but their internal mechanisms remain opaque [11],
and efficient exact evaluation of elementary functions as continuous real-valued operations is
still beyond their reach. EML representations go further: as demonstrated in Subsect. 4.3,
trained weights can snap to exact binary values, recovering closed-form elementary subex-
pressions alongside approximations. When this succeeds, the discovered circuits are legible
as elementary function expressions — a form of interpretability unavailable to conventional
architectures.

EMLD, FEERFEE L EADICANEFSNTLNET.
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edl(z,y) =(exp(z))/(In(y))
—eml(y,z) =In(x) — exp(y)

............................................................................................
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One might complain that the EML representation of elementary functions requires com-
plex arithmetic for real math, at least internally. Just as quantum computing uses complex
amplitudes to compute real probabilities, EML uses complex intermediates to compute real
elementary functions. This seems inevitable. We must somehow compute the imaginary unit
i, m, and all trigonometric/hyperbolic functions via Euler’s formula, (2). For that, we use
Inz for x < 0. A continuous Sheffer working purely in the real domain seems impossible.
My search for alternatives, e.g., using pairs of trigonometric/hyperbolic functions and their
inverses instead of exp /In, found nothing. Quite surprisingly, the requirement to use com-
plex numbers internally causes only minor problems in practice of using (3) in Computer
Algebra Systems or numerical simulations.

BRBDEFZEITA_LFHLWVEFRLTHEY. .
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The operator EML, (3), provides a single sufficient primitive from which real elementary functions can be construct-
ed and evaluated. Consequently, a wide class of computations built from such functions can also be cast in EML
form. It is not unique; several close variants are likely to exhibit similar properties, including EDL, (4b), and the
swapped-argument form —eml(y, x), (4¢c). More operators of this kind exist. Perhaps an entire continuous family of
them awaits discovery, with properties more convenient than (3). For example, the requirement for one of the con-
stants: —o0, 1,6, ... to be always present among terminal symbols makes its use less elegant and more complicated

(cf. Subsect. 4.3) in comparison with, e.g., standard neural nets or the NAND gate. The latter is able to generate® Os
and 1s out of ‘anything’ The EML operator does not have this useful property. Whether an EML-type binary Sheffer
working without pairing with a distinguished constant exists is an open question. Proving such impossibility for any

given candidate is non-trivial: one might expect f(x,x) being constant to suffice, but consider B(x,y)=x—%, for
which B(x, x)=§ yet B(B(x, x), x)=0. Such traps illustrate why systematic search is essential in this work. A ternary

operator, T(x,y,z)=e* / Inx X Inz / e’, for which T(x, x, x) =1 is next candidate for further analysis [34].
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